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Abstract. In this paper, we have established new inequalities of Ostrowski type for
co-ordinated convex function by using generalized fractional integral. We have also
discussed some special cases of our established results.
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1. Introduction
In 1938, A. Ostowski established the following fascinating integral inequality
[11].
Theorem 1.1. [11] Let f : [a, b] → R be a differentiable function on (a, b) whose





















< ∞, for all t ∈ (a, b).





































for all x ∈ [a, b]. The 14 is the best possible.
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Since 1938 when A. Ostrowski proved his famous inequality, (see, [11]), many
mathematicians have been working about and around it, in many different directions
and with a lot of applications in Numerical Analysis and Probability, etc.
Several generalizations of the Ostrowski integral inequality for mappings of
bounded variation, Lipschitzian, monotonic, absolutely continuous, convex map-
pings and n-times differentiable mappings with error estimates for some special
means and for some numerical quadrature rules have been considered by many au-
thors. For recent results and generalizations concerning Ostrowski’s inequality see
[1]-[4], [6]-[15] and the references therein.
Let us consider now a bidimensional interval ∆ := [a, b]× [c, d] in R2 with a < b
and c < d, a mapping f : ∆ → R2 is said to be convex on ∆ if the following
inequality holds:
(1.3)
f(tx+(1−t)z, ty+(1−t)w) ≤ tf(x, y)+(1−t)f(z, w), ∀ (x, y), (z, w) ∈ ∆ and t ∈ [0, 1].
The mapping f is said to be concave on co-ordinates ∆ if (1.3) holds in reversed
direction.
A formal definition of co-ordinated convex (concave) functions may be expressed
as:
Definition 1.1. [17]A function f : ∆ → R is called co-ordinated convex on ∆, for
all (x, u), (y, v) ∈ ∆ and t, s ∈ [0, 1], if it satisfies the following inequality:
f(tx+ (1− t) y, su+ (1 − s) v)(1.4)
≤ ts f(x, u) + t(1− s)f(x, v) + s(1− t)f(y, u) + (1− t)(1− s)f(y, v).
The mapping f is a co-ordinated concave on ∆ if the inequality (1.4) holds in
reversed direction for all t, s ∈ [0, 1] and (x, u), (y, v) ∈ ∆.
In [5], Dragomir proved the following inequalities which is Hermite-Hadamard
type inequalities for co-ordinated convex functions on the rectangle from the plane
R
2.
Theorem 1.2. Suppose that f : ∆ → R is co-ordinated convex, then we have the





















































































f(a, c) + f(a, d) + f(b, c) + f(b, d)
4
.
The above inequalities are sharp. The inequalities in (1.5) holds in reversed direction
if the mapping f is a co-ordinated concave.
In [10], Latif et al. established following Ostrowski type inequalities for co-
ordinated convex functions:
Theorem 1.3. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-












































(x− a)2 + (b− x)2
2(b− a)
] [
















Theorem 1.4. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-
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≤ M, (x, y) ∈ ∆, then


























(x− a)2 + (b− x)2
2(b− a)
] [




where A1 is defined in Theorem 1.3.
Theorem 1.5. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-

















































(x− a)2 + (b− x)2
2(b− a)
] [




where A1 is defined in Theorem 1.3.
Theorem 1.6. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-





























































































































where A1 is defined in Theorem 1.3.
In [9], Latif and Hussain established following Ostrowski type inequalities for
co-ordinated convex function by using fractional integral:
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Theorem 1.7. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-






















≤ M, (x, y) ∈ ∆, then the following inequality holds






[(x− a)α + (b− x)α]
[
(y − c)β + (d− y)β
]









(αβ + 2α+ 2β + 4) [(x− a)α + (b − x)α]
[
(y − c)β + (d− y)β
]









x−,y−f(a, c) + J
α,β

















(y − c)β + (d− y)β
]
Γ(α+ 1)
(b− a)(d − c)
[





Theorem 1.8. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-




























≤ M, (x, y) ∈ ∆, then






[(x− a)α + (b− x)α]
[
(y − c)β + (d− y)β
]















[(x− a)α + (b − x)α]
[
(y − c)β + (d− y)β
]
(b − a)(d− c)
M,
where A2 is defined in Theorem 1.7.
Theorem 1.9. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-
























≤ M, (x, y) ∈ ∆, then the following






[(x− a)α + (b− x)α]
[
(y − c)β + (d− y)β
]















[(x− a)α + (b − x)α]
[
(y − c)β + (d− y)β
]
(b − a)(d− c)
M,
where A2 is defined in Theorem 1.7.
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Theorem 1.10. Let f : ∆ := [a, b] × [c, d] → R be twice partial differentiable


















= 1, then the following inequality






[(x− a)α + (b − x)α]
[
(y − c)β + (d− y)β
]












p (1 + βp)
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where A2 is defined in Theorem 1.7.
In [16], Sarikaya and Ertugral defined a new left-sided and right-sided generalized


















f(t)dt, x < b






In [17], Yildirim et al. defined generalized fractional integrals for two variable
functions as follows:
Definition 1.2. [17] Let f ∈ L1([a, b]× [c, d]). The generalized fractional integrals
a+,c+Iϕ,ψ, a+,d−Iϕ,ψ, b−,c+Iϕ,ψ and b−,d−Iϕ,ψ are defined by









ψ (y − s)
y − s
f(t, s)dsdt, x > a, y > c,
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f(t, s)dsdt, x > a, y < d,









ψ (y − s)
y − s
f(t, s)dsdt, x < b, y > c,
and











f(t, s)dsdt, x < b, y < d.
Similar the above definitions, we can give the following integrals:






f(t, c)dt, x > a






f(t, d)dt, x > a,




ψ (y − s)
y − s
f(a, s)ds, y > c,
and






f(b, s)ds, y < d.
The main objective of this paper is to establish new Ostrowski type inequalities
for co-ordinated convex functions similar to [9, 10] by using generalized fractional
integrals.
2. Main Results
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Lemma 2.1. Let f : ∆ := [a, b]× [c, d] → R be a twice differentiable mapping on
∆◦ with a < b, c < d. If ∂
2f
∂s∂t
∈ L(∆), a, c ≥ 0, then following identity holds for all
(x, y) ∈ ∆:
























f(tx+ (1 − t)a, sy + (1− s)d)dsdt
−









f(tx+ (1− t)b, sy + (1− s)c)dsdt
+
(b− x)(d− y)








f(tx+ (1− t)b, sy + (1 − s)d)dsdt,
where
A = [x−,y−Iϕ,ψf(a, c) + x−,y+Iϕ,ψf(a, d) + x+,y−Iϕ,ψf(b, c) + x+,y+Iϕ,ψf(b, d)]
−Ψ1(1) [x−Iϕf(a, y) +x+ Iϕf(b, y)]−Ψ2(1) [x−Iϕf(a, y) +x+ Iϕf(b, y)]
−Λ1(1) [y−Iψf(x, c) +y+ Iψf(x, d)]− Λ2(1) [y−Iψf(x, c) +y+ Iψf(x, d)] .
Proof. Applying integration by parts and change of variables u = tx+ (1− t)a and





























































































Λ1(1)f(x, sy + (1− s)c)













(y − c)(x− a)
f(x, y)−
Ψ1(1)





f(tx+ (1− t)a, y)dt
−
Λ1(1)





f(x, sy + (1 − s)c)
+
1









f(tx+ (1− t)a, sy + (1− s)c)dsdt
=
Ψ1(1)Λ1(1)
(y − c)(x− a)
f(x, y)−
Ψ1(1)




(x− a)(y − c)
y−Iψf(x, c) +
1
(x− a)(y − c)
x−,y−Iϕ,ψf(a, c).






























f(tx+ (1 − t)b, sy + (1− s)c)dsdt(2.4)
= −
Λ2(t)Ψ1(s)
(b− x)(y − c)
f(x, y) +
Ψ1(s)




(b− x)(y − c)
y−Iψf(x, c)−
1









f(tx+ (1 − t)b, sy + (1− s)d)dsdt(2.5)
=
Λ2(t)Ψ2(s)
(b − x)(d − y)
f(x, y)−
Ψ2(s)




(b− x)(d − y)
y+Iψf(x, d)−
1
(b − x)(y − c)
x+,y+Iϕ,ψf(b, d).
From (2.2)-(2.5) and dividing the resultant one by (b − a)(d − c), we get our
desired equality (2.1).
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Theorem 2.1. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-






















≤ M, (x, y) ∈ ∆, then the following inequality holds





[Λ2(1) + Λ1(1)] [Ψ2(1) + Ψ1(1)]









(b − a)(d− c)
[(x− a)(y − c)I1 + (x− a)(d − y)I2
























and A is defined in Lemma 2.1.






[Λ2(1) + Λ1(1)] [Ψ2(1) + Ψ1(1)]









































































































≤M, (x, y) ∈ ∆, we



















































































































Now using (2.8)-(2.11) in (2.7), then we have our required inequality (2.6).
Remark 2.1. In Theorem 2.1, if we suppose ϕ(t) = t and ψ(s) = s, then the inequality
(2.6) becomes inequality (1.6).
Remark 2.2. In Theorem 2.1, if we take ϕ(t) = t
α
Γ(α)
and ψ(s) = s
β
Γ(β)
, then the inequal-
ity (2.6) is reduced to the inequality (1.10).
Theorem 2.2. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-




























≤ M, (x, y) ∈ ∆, then
















[(x − a)(y − c)J1 + (x− a)(d − y)J2
+(b− x)(y − c)J3 + (b− x)(d − y)J4] ,




















































and A is defined as in Lemma 2.1.
Proof. From Lemma 2.1 and the Hölder inequality, we have the following inequality





[Λ2(1) + Λ1(1)] [Ψ2(1) + Ψ1(1)]
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By using (2.14)-(2.17) in (2.13), then we have our desired inequality (2.12).
Remark 2.3. In Theorem 2.2, if we suppose ϕ(t) = t and ψ(s) = s, then the inequality
(2.12) becomes inequality (1.7).
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Remark 2.4. In Theorem 2.2, if we take ϕ(t) = t
α
Γ(α)
and ψ(s) = s
β
Γ(β)
, then the inequal-
ity (2.12) is reduced to the inequality (1.11).
Theorem 2.3. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-
























≤ M, (x, y) ∈ ∆, then the following





[Λ2(1) + Λ1(1)] [Ψ2(1) + Ψ1(1)]









(b − a)(d− c)
[(x− a)(y − c)I1 + (x− a)(d − y)I2
+(b− x)(y − c)I3 + (b− x)(d − y)I4] ,
where I1, I2, I3 and I4 are same as defined in Theorem 2.1 and A is defined as
in Lemma 2.1.
Proof. From Lemma 2.1 and the power mean inequality, we get the following in-





[Λ2(1) + Λ1(1)] [Ψ2(1) + Ψ1(1)]
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By using (2.20)-(2.23) in (2.19), we have our desired inequality (2.18).
Remark 2.5. In Theorem 2.3, if we suppose ϕ(t) = t and ψ(s) = s, then the inequality
(2.18) becomes inequality (1.8).
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Remark 2.6. In Theorem 2.3, if we take ϕ(t) = t
α
Γ(α)
and ψ(s) = s
β
Γ(β)
, then the inequal-
ity (2.18) reduces to the inequality (1.12).
Theorem 2.4. Let f : ∆ := [a, b]× [c, d] → R be twice partial differentiable map-


































(b − a)(d− c)
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where J1, J2, J3 and J4 are same as defined in Theorem 2.2.
Proof. From Lemma 2.1 and the Hölder inequality, we have the following inequality





[Λ2(1) + Λ1(1)] [Ψ2(1) + Ψ1(1)]

































































































































































(b− x)(y − c)
















































































is concave on co-ordinates on ∆, so an application of (1.5) with






















































































































































By using (2.26)-(2.29) in (2.25), then we have our desired inequality (2.24).
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Remark 2.7. In Theorem 2.4, if we suppose ϕ(t) = t and ψ(s) = s, then the inequality
(2.24) becomes inequality (1.9).
Remark 2.8. In Theorem 2.4, if we take ϕ(t) = t
α
Γ(α)
and ψ(s) = s
β
Γ(β)
, then the inequal-
ity (2.24) is reduced to the inequality (1.13).
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tions with applications, RGMIA, 13(1) (2010), Article 3. [ONLINE: http://a
jmaa.org/RGMIA/v13n1.php].
3. N. S. Barnett and S. S. Dragomir, An Ostrowski type inequality for double in-
tegrals and applications for cubature formulae, Soochow J. Math., 27(1), (2001),
109-114.
4. P. Cerone and S.S. Dragomir, Ostrowski type inequalities for functions whose
derivatives satisfy certain convexity assumptions, Demonstratio Math., 37 (2004),
no. 2, 299-308.
5. S.S. Dragomir, On Hadamards inequality for convex functions on the co-ordinates
in a rectangle from the plane. Taiwan. J. Math. 4, 775–788 (2001).
6. S.S. Dragomir and A. Sofo, Ostrowski type inequalities for functions whose deriva-
tives are convex, Proceedings of the 4th International Conference on Modelling
and Simulation, November 11-13, 2002. Victoria University, Melbourne, Aus-
tralia. RGMIA Res. Rep. Coll., 5 (2002), Supplement, Article 30. [ONLINE:
http://rgmia.vu.edu.au/v5(E).html]
7. S. S. Dragomir, N. S. Barnett and P. Cerone, An n-dimensional version of Os-
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